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Abstract 

We present a denotational semantics for modal propositional logics with propo- 
sitional quantifiers and connectives for propositional identity and reference. A 
proposition is here not given as a set of possible worlds but as the denotation 
of a formula under a valuation function. In fact, the semantics is independent 
from the possible worlds framework and derives from principles of non-Fregean 
Logic. Modal laws such as Necessitation are not a priori given. Our aim is to 
restore modal principles and to axiomatize normal modal logics as first-order the- 
ories with identity. We start with a basic system containing axiom K as the only 
modal principle and establish completeness results. Following an earlier approach 
(S. Lewitzka, Studia Logica 97(2), 233 - 264, 2011), we regard a modality as an 
appropriate subset of the propositional universe of a model. We show that the Ne- 
cessitation Rule as well as further modal principles can be restored by imposing 
specific semantic constraints. As a main result, we present model constructions 
proving that normal modal systems, such as K, T, S4, S5, K45, KD45, can be cap- 
tured precisely by our denotational semantics. This paper can be seen as a proposal 
to study modal logics as first-order theories of propositions. 

Keywords: modal logic, non-Fregean logic, propositional identity, propositional 
quantifiers, truth theory, self-reference, denotational semantics 



1 Introduction 



We assume the reader is familiar with the basic ideas of non-Fregean logics introduced 
by R. Suszko (see, e.g., |2 3, 16,,iTl|T9l). In a series of papers |15 20 8 glfTOlfTTl. 
versions of non-Fregean logics have been studied as expressive semantic frameworks 
with applications in truth theory and epistemic logic. In this paper, we present a non- 
Fregean framework for modal logics with propositional quantifiers. We further develop 
aspects of the approach presented in @ where an epistemic non-Fregean logic with 
operators for a total truth predicate (originally introduced by Strater [15]), knowledge 
and common knowledge is investigated. The operators of the language are interpreted 
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as predicates (i.e., subsets) of the propositional universe of a given model in such a 
way that certain conditions of adequacy are fulfilled. It turns out that truth, falsity as 
well as modalities such as knowledge and common knowledge can be seen as entities 
of the same ontological category, namely as sets of propositions. A proposition is 
here given as the denotation of a formula under the valuation function of the ambient 
modelQ If one admits only two-element propositional universes, then one gets classical 
propositional logic, which is Fregean. Such two-element propositional universes alone, 
however, are not rich enough to model modalities in the way proposed in |9| and in this 
paper 

The main aim of 1 9 1 was to design an epistemic logic where modal principles can be 
modeled in a flexible way and strong modal laws, such as Necessitation, can be avoided 
or weakened. In that first approach, the question whether the proposed semantics is 
capable to capture exactly a standard modal system of knowledge, such as S4(„) or 
S5(,„), has been left open. One of the difficulties involved here is the introduction of 
the Necessitation Principle such that a completeness result can be proved. A further 
challenge is the development of model constructions which establish connections in 
both directions between the proposed semantics and the well-known possible worlds 
semantics. In this paper, we study these questions in the context of normal modal logics 
and are able to present positive results. 

Our logic is an extension of basic non-Fregean logic SCI f2l i3|. The language 
contains propositional variables and constant symbols for propositions, an operator 
: true for the truth predicate, the necessity operator L, the identity connective =, a 
reference connective < and propositional quantifiers which essentially correspond to 
the sentential quantifiers of Suszko's theories of kind W (see, e.g., lfT6l[r7l[T9ll ). The 
reference connective is a new, optional ingredient of non-Fregean logics introduced 
and studied in Q [H HI [IT] . A fomula if < tp reads "ip refers to ^p". For instance, 
formula c : true says that c is true. In this sense, c : true refers to c, and the formula 
c < (c : true) is a theorem. If the equation c = (c : true) is satisfied in a model, then 
the model-theoretic semantics implies that that model also satisfies the formula c < c 
expressing that (the proposition denoted by) c refers to itself. In fact, c denotes a truth- 
teller - a self-referential proposition. For more details and specific model constructions 
we refer the reader to [1 1. .8..9J. We will express "necessarily (p" by the formula ip : L, 
using postfix notation in order to emphasize our ontological view on necessity as a set 
of propositions. The symbol ":" can be read here as "is (element of)". We adopt this 
notation from weaker non-Fregean logics (see llTSi |20] [8] |9] [TOl [TT]) where a formula 
of the form ip : true reads as "(^ is true". That formula is satisfied iff the proposition 
denoted by ip belongs to the set of true propositions. Similarly, p : Lis satisfied iff the 
valuation function maps ptoa necessary proposition. The set of necessary propositions 
is a subset of the propositional universe and it is closed under logical conditions which 
depend on the given modal axioms. Under these semantic assumptions we are able to 
prove our main result (Theorem 16.7) which says that if S is a certain normal modal 
system, then for each model of our semantics there is a world of a corresponding frame 
of S such that exactly the same modal propositional formulas are satisfied, and vice- 
versa. In this sense, our semantics captures system S. 

'Note that Suszko 1161 . inspired by Wittgenstein's Tractatus, refers to such entities as situations. 
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Completely different approaches to modality in logics with identity connective have 
been developed by Cresswell |4, 5| and Suszko |17| (see also the Historical Note at 
the end of IfTTl ). The approaches are of similar nature and the identity connective 
plays the crucial role. Both systems (explicitly or implicitly) contain the rule: if 
ip IS a. theorem, then so is (/? = -0 (i-e., propositional identity is strict equivalence; 
note that this is a weakening of Fregean Axiom), and involve an equational definition 
of necessity as identity with a tautology: Dt/s = [lp = T), where the tautology T 
denotes the necessary proposition. Both principles derive from the metaphysical view 
on propositions as sets of possible worlds (see footnote 3, p. 2 lfT2l and the reference 
there to |6|). Suszko |17| defines two theories Wt and Wh 3 Wt in a quantifier-free 
language of non-Fregean logic incorporating the above principles and some further 
axioms. It turns out that Wt (Wh) is the theory of the class of topological (self-dual) 
Boolean algebras where the necessity operator □ is interpreted as an interior operator. 
Using a famous result due to McKinsey and Tarski 1 13 1, Suszko then is able to derive 
that Wt, Wh correspond to the modal logics S4, S5, respectively. 

We refer to the logic developed in this paper as Gi-Logic (Epsilon-L-Logic). G^- 
Logic extends Gy-Logic and adopts Gr-style semantics |l 20l ITSl im . The symbol G in 
Gl refers to the fact that ":" in a formula ip : L can be interpreted as the membership 
relation. 



V = {xq,xi, ...} is a countable infinite set of variables and C is a set of constant 
symbols. The set of formulas Fm{C) is the smallest set that contains V U C and is 
closed under the following conditions: If (p,ip,x G Fra{C) and a; is a free variable of 

X, then [if ip), (-Kys), {(p = ^p), {ip < tp), {(p : true), {ip : L), (Vx.x) belong to 



Note that a formula of the form ^x.ip has the property that the variable x occurs free in 
ip); strings such as Vx.c or \/xMy.y are not formulas. 

Usually, we will omit outermost parenthesis. Further parenthesis can be omitted 
taking into account the following priorities of operators given in decreasing order: -i, : 
true, : L, — s>, <, =, V. For instance, -k^ : L stands for the formula ((-xp) : L), ip> — >■ 
Ip : L stands for {p} ^ {%p : L)) and Vx.p? — > ip stands for yx.{ip — ip). We use 
abbreviations such as 3x.(p for -^/x.^ip, ip A ip for -^{ip — )> -^ip), ip ip for {ip — 
Ip) A {ip ^ ip) etc. For a formula of the form Vxi.Vx2...Va;„.(/? we write \/xi...Xn-'P- 
By fvar{tf), var{(p), con{(p) we denote the set of free variables, variables, constant 
symbols occurring in ip, respectively. We define fcon{(p) := fvar{ip) U con{(p). A 
formula with no free variables is called a sentence. 

A substitution is a function a : V U C Fm{C). If A C V U C and cr is a 
substitution such that a{u) = u for all w G {V L) C) \ A, then we write cr : A — > 
Fm{C). If cr is a substitution, uq, u„ G V U C and ipo, (p„ G Fm{C), then 
a[uo := (fQ, Un := p,i] is the substitution r defined as follows: 



2 Syntax 



Fm{C). 





if u — Ui, for some i < n 
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e is the identity substitution u ^ u. Instead of e[uo := ^PQ: u„ := ipn] we write 
[uq := y'o, Un := i/Jn]- A substitution a extends in the canonical way to a function 
[cr] : Fm{C) Fm{C) (we apply postfix notation for [a]): 



where y is the least variable of V greater than all elements of lJ{/'^'^^('^('")) I ^ 
f coniy X .i^y} (recall that V is well-ordered). We say that the variable y is forced by 
the substitution a w.rt. Vx.cp. 

The composition of two substitutions a and t is the substitution ct o r defined by 
u (7(u)[r] ("first apply a, then apply r")- The following Lemma collects some 
useful properties of substitutions. 

Lemma 2.1 (Properties of substitutions) Let (p e Fm{C) and let a, r, S be substitu- 
tions. Then 

• fcon{Lp[cj]) = {j{fcon{(j{u)) \ u S fcon{ip)}. 

• If a{u) — t{u) for all u G fcon{ip), then (^[cr] = ^[t]. 

• The variable y G V forced by cr w.r.t. Vx.-tp is the least element ofV greater than 
all elements of fvar{{3x.'il})[a]). 

• ip[a O t] ~ (y5[fT] [t]. 

• CT o (r o (5) = (cr o r) o 5. 

Two formulas ip and ip are alpha-congruent, notation: (p =a ip, if and ip differ 
at most on their bound variables. Applying the identity substitution e to a formula ip 
results, in general, in a renaming of bound variables. ip[e] is in a certain normal form 
- we say that it is normalized. It holds that ip[e] =a <p, and furthermore: ip ijj iff 
(p[e] = ip[e] (see [11] for proofs and more details). Our semantics will ensure that any 
two alpha-congruent formulas denote the same proposition. 

In order to deal adequately with the reference connective < we need a transitive 
relation on formulas which we adopt from Q S |9] [TT] . 

Definition 2.2 Let ip,ip E Fm{C). Then ip ^ i/j -.4^ there are a; G F and ijj' G 
Fm{C) \ {x} such that x G fvar{ip') and ijj'[x :— ip] —a ijj- The relation -< on 
Fm{C) is called syntactical reference. 



x[a] = cr(u), if u G y U C 
{p ^)[a] = fia] ^p[a] 



[if : true)[a] ^ ip[a] : true 
if ■ L)[a] ip[a] : L 



if < = fW] < tp[a-] 

if = = ip[cr] = tp[a] 

(Va;..^)[cr] = Vy.(y3[cr[a: y]], 



4 



ip ^ ip captures the intuitive notion of "formula ip says something about formula 
(fi" or "formula ip refers to formula ip". (p ^ -ip implies that p is alpha-congruent to 
a proper subformula of ip. The converse is true only in a quantifier-free context. For 
instance, x -/< \/x.{x d), whereas x ^ {x ^ d). In the latter case, the formula 
X ^ d says something about formula x, namely that formula x implies formula d. In 
the former case, however, the formula Va;.(a; — > d) does not say anything about the 
formula x. Note that a syntactical reference p ^ ip can never be a self-reference since 
no formula is a proper subformula of itself: p ^ ip is impossible, that is, there are no 
self-referential formulas. Self-reference must be shifted to the semantic level where 
it can be represented by the semantic reference relation <^ on the propositional uni- 
verse of a model Ai. Our model definition ensures that syntactical reference p ^ tp 
implies semantic reference between the respective propositions. This semantic refer- 
ence is expressed hy ip < ip. One can show that syntactical reference -< is transitive on 
formulas. Furthermore, if p ^ ^ and cr is a substitution, then p[a] -< ijj[a]. For more 
details we refer the reader to llTTI . 

3 Deductive systems with and without Necessitation Rule 

Our basic deductive system extends basic non-Fregean logic SCI, the Sentential Cal- 
culus with Identity |2, 3 |, by axioms for propositional quantifiers (which essentially 
correspond to the sentential quantifiers of Suszko's theories of kind W [jT6l[l7][T]) and 
modal axiom K. There is only the rule of Modus Ponens. 

Definition 3.1 The set AX is the smallest set that contains the sentences ( i) - (xiii) and 
all formulas of the form (xiv) - (xviii), and is closed under the following condition: if 

pj g AIL and X G fvar{p), then^x.p G AX. 

(i) yxy.{x {y ^ x)) 

(ii) yxyz.{x — !• (y ^ z)) {{x — > y) ^> (x — ^ z)) 
(Hi) yxy.{-ix — >■ (a; — y)) 

(iv) \/xy.{x -^y) ^ {{^x y) ^ y) 

(v) yx.{x : true ^ x) (Tarski's T-scheme) 

(vi) yxy.(x y) : L ^ (x : L ^ y : L) (axiom K) 

(vii) yxy.{x = y) ^ {-^x = -.y) 

(viii) \/xy.{x = y) — !■ (x : true = y : true) 

(ix) \/xy.(x = y) ^ [x : L = y : L) 

(x) yxyuv.{x = y) {{u = — > {{x u) = (y v))) 

(xi) \/xyuv.{x = y) ^ {{u = ?;)—> {{x = u) = [y = v))) 

(xii) \/xy.{x = y) ^ [x ^ y) 
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(xiii) \/xyz.(x < y) — > {{y < z) ^ (x < z)) (transitivity of reference) 

(xiv) (p = ^p, whenever if —a tp 

(xv) If < tp, whenever ip ^ ip 

(xvi) (yx.ip) —5- ip[x :~ tp] 

(xvii) (\fx.ip — S> (p) — S> {{\/x.ip) — S> (yx.ip)) 

(xviii) (yx.ip 1^9) —)■('(/' Vx.ip), if X ^ fvar{ip) 

Definition 3.2 For $ C Fm{C) let $^ be the smallest set of formulas that contains 
$ U AX and is closed under the rule of Modus Ponens MP; if ip ^ ip G $^ and (p G 
then ip G Instead of p G we write $ h and say that (p is derivable from 
$ in basic system AX + MP. The notions of "$ is (maximally) consistent/inconsistent 
w.r.t. AX + MP" are defined in the usual way. 

Derivation in system AX + MP is defined in the same way as in propositional logic 
where 4> h (/j means that formulas of $ can be seen as axioms in a proof of ip. This 
is possible because of the absence of the Necessitation Rule: from p infer ip : L. We 
will see later that AX + MP augmented with modal axiom 4 and the rule of Axiom Ne- 
cessitation implies the Necessitation Principle (see Proposition |6.2| ): if is a theorem 
(i.e., derivable from the empty set), then so is (/s : L. In such systems, one can main- 
tain the natural notion of derivation. In order to introduce the Necessitation Principle 
also in weaker systems, i.e. in systems not containing 4 as a theorem, we formulate in 
the following an alternative notion of derivation which is common in modal logic and 
where $ hs (/? is defined in terms of theoremhood in system S. In sufficiently strong 
systems, however, we will prefer the more natural notion of derivation such as given in 
Definition [321 

Definition 3.3 Let K C Fm{C) be the smallest set that contains AX and is closed 
under the rules of Modus Ponens and Necessitation. For G IK we write hjc p. We 
say that ip is derivable from $ C Fni{C) in logic IK // hjc ip or there are formulas 
tpi, ...,ipn G $ such that (''/'i A ... A V'n) ^ "yS- If this is the case, we write $ p>. 
Let T be the axiom \fx.{x : L ^ x). Logic T and relation are defined in the same 
way as K and but with AX + T instead 0/ AX. The notions of "$ is (maximally) 
'K-consistent/K-inconsistent, T-consistent/T-inconsistent" are defined in the obvious 
way. 

Of course, ^ \- p implies ^ p> which in turn implies <I> ^P- System AX + MP 
has no theorems of the form p^ : L at all. Furthermore, logic IK (logic T) seems to 
incorporate modal system K (modal system T), respectively. If this is the case, then 
one may ask whether every theorem of K (of T) in the language of modal propositional 
logic is also a theorem of modal system K (of T), respectively. In the next chapters we 
will formulate these and further questions in a precise way and present answers which 
are based on model- theoretic proofs. 
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4 Semantics 



Our models are very similar to those defined in [11]. A predicate for necessity is here 
the additional ingredient. This Gr-style of semantics essentially relies on the approach 
developed by Strater [151 and Zeitz [20J. We believe that one of the advantages over 
the algebraic models defined for Suszko's languages of kind W (see, e.g, |[T|) consists 
in a simpler treatment of sentential quantifiers. The algebraic structure of our models 
is not explicitly given but is implicitly imposed by the structural properties and truth 
conditions of the valuation function F. 

Definition 4.1 A model M ^ (M, TRUE, NEC, <^,r) is given by: 

• a non-empty propositional universe M 

• a set TRUE C M of true propositions 

• a set NEC C M of "necessary" propositions 

• a binary, transitive relation <^ on M 

• a semantic function, called the Gamma-function, F : Fm x — > M that 
maps any formula (p to a proposition F{ip, 7) 6 M. F depends on assignments 
^ : V ^ M of propositions to variables. If 7 is an assignment, x V and 
m G M, then 7™ is the assignment that maps x to m and variables y d V \ {x} 
to 7(2/). 

The Gamma-function has the following structural properties: 

• For all x and all assignments 7." F{x, 7) = 7(2;)- (Extension Property EP) 

• If"/{x) — y(x) for all x £ fvar{ip), then F{ip,^) — F{ip,y). (Coincidence 
Property CPB 

• If a : V ^ Fm{C) is a substitution and ^ : V ^ M is an assignment, then 
F{ip[a],^) — F{ip,^a), where : V ^ M is the assignment defined by 
X I— > F{a{x),^). (Substitution Property SP) 

• Ifip^ip, then r((p,7) <^ F{'il),-i), for all (p,ip G Fm{C) and all 7 G M^. 
(Reference Property RP) 

The Gamma-function satisfies the following truth conditions. For all assignments 7 : 
y — > M and for all formulas ip^ip £ Fm{C): 

(i) F{lp : true,j) e TRUE ^ F{ip,j) £ TRUE 

(ii) F{ip V, 7) e TRUE ^ F{ip, 7) ^ TRUE or F{i}}, 7) e TRUE 
(Hi) F{^ip, 7) e TRUE ^ F{ip, 7) ^ TRUE 

(iv) F{ip = 7) e TRUE ^ F{ip, 7) = /^(V-, 7) 

^If fvar{ip) = 0, then CP justifies to write r{ip) instead of r{ip, 7). 
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(v) r{ip < V, 7) e TRUE ^ r{Lp, 7) <^ r{ip, 7) 



(vi) r{ip : L,7) e TRUE ^ r{ip,j) G NEC 

(vii) r{if ^ij,-f) e NEC and r{ip, 7) e NEC ^ r{ip, 7) G A^£;c 

fv/»j r(Va;.^,7) G TRUE ^ r{ip,j^) G TRUE for all m£ M 

A model is called a K-model if its Gamma-function F satisfies the truth condition 
of Necessitation w.r.t. IK; (ys G K r{ip,^) G N EC, for all formulas (p and 
all assignments 7. A model is a T-model if NEC C TRUE (i.e., every neces- 
sary proposition is true), and the truth condition of Necessitation w.r.t. T is satisfied: 
99 G T r{Lp, 7) G NEC, for all formulas ip and all assignments 7. 
If M. is a model and ^ : V M is an assignment, then the tuple {M, 7) is called an 
interpretation. 

Note that a T-model satisfies the following additional truth condition: 

r{tf : L, 7) G TRUE r((/5, 7) G TRUE, for all formulas tp and all assignments 
7 G M^. 

Definition 4.2 Let (A^,7) be an interpretation, Lp G Fm{C). The satisfaction re- 
lation is defined by (A^,7) 1= Lp r{p,^) G TRUE. If (Ai,^) N ip, then the 
interpretation (A^, 7) is called a model of ip. These notions extend in the usual way to 
sets of formulas. For $ C Fm{C) define Int{^) {{-M, 7) N $ | /i a model, 7 
is an assignment}, IntKi^) '■— {(-^j ^) \= ^ \ Ai is a ^-model, 7 is an assignment} 
and /ntT($) := {{Ai,j) \= ^ \ A4 is a T-model, 7 is an assignment}. This leads to 
the following consequence relations: 

<^\\- ip:^ Int{<^) C Int{{ip}) 

$ IhK (p IntKi'^) C IntK{{(p}) 

$ IhT p :<!=i> IntT{^) C IntT{{ip}). 

Let be a model and 7 an assignment. By truth condition (vii), the set := 
{ip G Fm{C) I F{p,'y) G NEC} is closed under Modus Ponens. We will close 
N under logical consequence Ih (equivalently: under deduction h) by introducing the 
truth condition of Axiom Necessitation in Definition 16. 1 I below. 

Different Substitution Lemmata have been presented in lfT5] |20J . A proof of the 
following Lemma, based on ideas of Zeitz ll20l . can be found in ||8]. 

Lemma 4.3 (Substitution Lemma) Let M be a model, p G Fm{C). 

(i) If a, a' are substitutions and J, y : V — S> M are assignments such that F {a {z),^) 
= F {a' {z),^') for all z G fcon{p), then F{p[a],^) = F{p[a'],y). 

(ii) If ^ : V — > M is an assignment and a is a substitution such that F(c) = 
F{a{c),j) for every c iz C, then F{p[a],j) — F{p,ja). 



8 



Item (ii) provides a condition such that SP also holds for certain substitutions which 
are not restricted to the domain of variables. Item (i) implies the following fact (see, 
e-g-, IfTn for a proof). 

Corollary 4.4 Suppose M is a model, 7,7' are assignment, and ip e Fm{C). If 
r((/?i,7) = r(V'i,7') and r{ip2,l) = r{ip2,l')' then r{^ipi,j) = /"(-■V'l, 7'), 
r{ipi : true,j) = r{^i : true,j'), r{ipi : L,j) = r{ipi : L,^'), r{(pi 

¥'1:7) = -^("01 ■02,7'). r{(pi EE ip2,j) = rit/ji = 02,7')' r{ipi < ip2,l) = 

< V2,7')- 

Proof. Suppose r{ipi,-i) — r{'4'i,j') and r{ip2,j) — r{^2,l')- Let a — \x := 
and a' = [a; be substitutions. Then the hypothesis together with (i) of 

the Substitution Lemma implies 7) ~ /^((-ia;)[cr], 7) = /^((-ix)[ct'], 7') = 
/^(-it/'i, 7')- Similarly for the remaining cases. □ 

Let be a model. We may define further modalities as sets (i.e., properties) of 
propositions: 

POSS := {r(^,7) I r(-¥>,7) i NEC^ipe Fm{C),-f G M^} 
IMP ■= {r{ipn) I ^(-'^,7) e NEC,ip£ Fm{C),-i G M^} 
FALSE {r{ip, 7) | r{-^ip, 7) e TRUE, Lp e Fm(C), 7 G M^} 

Of course, POSS, IMP, FALSE stand for the set of possible, impossible, false 
propositions, respectively. By the Substitution Lemma, these sets are well-defined. 
The next result follows readily from the definitions. 

Lemma 4.5 Let M. be a model. For any Lp G Fm(C) and any assignment 7 : — )■ 
M: 

• rip, 7) G POSS ^ r{^{^p : L), 7) G TRUE 

• r{p, 7) G IMP ^ r{^p : L, 7) G TRUE 

As expected, alpha-congruent formulas denote the same proposition. The follow- 
ing Alpha Property derives from SP and the way we defined substitutions. In lfT5ll20l 
substitutions are defined differently, and in |20| the SP does not imply the Alpha Prop- 
erty which has to be introduced as an additional semantic constraint. We adopt the 
proof of the next result from llTTI . 

Lemma 4.6 (Alpha Property) Let M. be a model. For all formulas p, ip and all as- 
signments 7 : y — > M, if p —a ip, then r{p, 7) — r[t]j, 7). 

Proof. Suppose p ip. This is equivalent with the condition p[£\ = 0[£], where e 
is the identity substitution (see fTTl). It holds that 7 = 72, for any assignment 7 : y — >■ 

M. By SP, r(^,7) = r{p,^e) = r{^\e],^) = r(^[£],7) = r[^,^e) = r(V',7)- 

□ 
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Now it is not hard to show that all interpretations {Ai, 7) satisfy AX. Only axiom 
(xvi) is a bit complicated. We must show that r{\/x.Lp, 7) G TRUE implies r{(p[x := 

7) e TRUE for all formulas ip. So suppose r{ip, 7™) e TRUE for all m e M. 
Let i/i be any formula, put p :— r{ip,j). Let a be the substitution [x := tp]. By 
definition, 7cr(?/) = r{a{y), 7), for any y ^ V. This implies equality of assignments: 
7CT = jP. By SP and the hypothesis, r{(p[x := V']i7) = r{Lp[a'],j) ~ r{(p,ja) = 
r{(p,^P) e TRUE. Thus, axiom (xvi) is sound. Now one easily shows that a model 

is a K-model iff 7) satisfies all formulas of set K, for any assignment 7; and 
analogously for a T-model. This establishes soundness of the three systems; $ h 
implies <i> Ih <i> implies $ IKk and $ </3 implies ^ tp. 

5 Completeness Theorems 

Completeness theorems for non-Fregean logics with propositional quantifiers (some- 
times called: sentential quantifiers) have been proved, e.g., in lin [T5ll20l . In our proof, 
we follow the usual Henkin construction and adapt some technical machinery from 
|[15l|20l[IIl|T0l[14l. First, we show completeness of basic system AX + MP w.rt. the 
class of all models. Slight modifications of the construction then yield completeness of 
logic K w.rt. the class of all K-models and completeness of logic T w.rt. the class of 
all T-models. 

Lemma 5.1 Let ip e AX. Ifc e C and y \ var{ip), then ip[c y] G AX. 

Proof. We show the assertion for the axiom (yx.p) ip[x := ip]. The remaining 
cases follow similarly or are trivial. We have 

{{yx.(p) ip[x := tp])[c y] 
= {yx.Lp)[c := y] {lp[x := tp])[c y] 
= {\/z.ip[c :— y,x := z\) — > ip[c := y][x :— ip'] 
= (Vz.(^[c := y][x := z]) (Lp[c := y][x := z])[z := ip'] 
= (Vz.x) x[z V^'], 

where z is the variable forced by [c := y] w.rt. {Vx.tf) — > (p[x := t/j], ip' = ip[c := y], 
and X ■= ■— y][^ ■= z]- Note that y ^ x since y ^ var{(p). The formula 
(Vz.x) — > x[z := Ip'] is clearly an axiom. □ 

Lemma 5.2 If ^ \- (p and c G con{ip) \ con(<i>), then for any a: G ^ \ var{ip), 
$ h \/x.{ip\c := x]). 

Proof. The proof is an induction on the length n > 1 of a derivation <f> h c/j. If 
n — 1, then ip must be an axiom (note that G $ is impossible because c G con{(p) 
does not occur in $). By Lemma \5A\ (p[c :— x] is an axiom, too. By definition, 
Va;.((/3[c := x]) is an axiom. Now suppose n > 1. We may assume that ip is obtained 
by Modus Ponens, that is, $ h 1/; — > and ^ \- ip, for some formula ip.lfc^ con{ip), 
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then ip ip[c := x] = {tp ^ (p)[c := x], where x Q V \ var{tp). By the in- 
duction hypothesis, $ h Vu.('0 — !■ (p[c :— x]). By AX, $ h -i/; Vu.((^[c := a;]). 
Now we apply Modus Ponens. If c e con{ip), then we may apply the induction hy- 
pothesis to ^ h ip and to $ h -0 — > 1^, and we obtain $ h Vw.('(/'[c := x]) and 
3> h Va;.('0[c := x] — (^[c := a;]). By AX and Modus Ponens we get the assertion. □ 

For our treatment of Henkin set (Definitions 15 . 3 1 and 15 .41 and Lemma |53] below) 
we adopt notations and techniques coming from i 14 j . 

Definition 5.3 A set ^ C Fm{C) is called a Henkin set if 

• $ is maximally consistent 

• <i> h "ix.Lp $ h ip[x := c] for all c E C 

Definition 5.4 To each pair where G Fm{C) and x £ fvar(if), we assign 
exactly one new constant c^,x ^ C and define ip^ :— -^{{-'yx.ip) — > -iiplx := c^^x])- 
Furthermore, Y{C) := {~'(p^ \ (p G Fm{C'),x G fvar{ip)}. 

Note that -^ip^ can be written as {3x.^p) -^p[x := Cip^x]- In this sense, Cip^x can 
be seen as a witness for the truth of 3x.^(p. 

Lemma 5.5 If^'^ Fm{C) is consistent, then so is $ U Y{C) C Fm{C'), where 
C = C U {c^^x I ^ G Fm{C), X G V} according to Definition \5.4\ 

Proof. Suppose $ U Y{C) C Fra{C') is inconsistent. There are formulas ^Pq° , 
G Y{C) such that $ U {^pf' \ i < n} is inconsistent. We may assume that n 
is minimal with this property. Let a; := x„, p := pn, c c„,p, $' :— ^\j{^p^^ \ i < 
n}. Then $' is consistent and $' U {^p^} is inconsistent. From propositional logic it 

follows that $' h 1^^. That is, $' I '{^{Vx.p) -i(y9[a; := c]), thus $' I ^Vx.(y9 and 

4>' h iy9[x c]. By construction, c G con{p) \ con($') and x ^ uar(i^[x := c]). We 
apply Lemma lSTSl and get $' h Mx.p and $' I — Nx.p. It follows that $' is inconsistent. 
This contradiction shows that $ U Y{C) C Fm{C') is consistent. □ 

Definition 5.6 Let $ C Fm{C) be maximally consistent. For p,^p £ Fm{C) define 
p w$ lp $ h = ■0- 

Lemma 5.7 Lef $ /je maximally consistent, p^ijj E Fm{C). Then: 
G $ h p; ifp w$ V', f/zen p £ <^ ^ ip £ ^. 

Lemma 5.8 Let $ C Fm{C) be maximally consistent. Then is an equivalence 
relation on Fm{C) containing alpha-congruence and satisfying the following: pi 
tpi and p2 ~$ V'z implies -ipi w$ i/Si : true w$ V'l • ^''ue, pi : L -01 • L, 
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Proof. From AX it follows immediately that is reflexive and contains alpha- 
congruence. Suppose </? 'ip. Since ip by AX and Modus Ponens we get 
[lP = ip) w$ (-0 = (p) and finally (p- Thus, the relation is symmetric. Now let 
ip tjj and ^ Again, AX and Modus Ponens yield {(p = ip) ~* (V" = x)- 
Furthermore, {ip = x) ~$ ("0 = x)- By symmetry and Modus Ponens, ip x- It 
follows that the relation is transitive. The congruence properties follow readily from 
AX. □ 

Theorem 5.9 Every Henkin set has a model. 

Proof. Let $ C Fm(C) be a Henkin set. By Ip we denote the equivalence class of 
(p € Fm{C) modulo «$. 

Claim 1: For every ip e Fm(C) there is a c S C such that c (p. 

Proof of the Claim: If x ^ V \ var{ip), then obviously $ h (a; = (p)[x := (p]. By 

AX, ^ \- {x = (p)[x :— (p] -> -iVa;.-i(x = (p) (contra-position of axiom (xvi)). By 

Modus Ponens, <i> I i\/x.^{x = p>). Since $ is consistent, $ V- yx.^{x = (p). Since 

$ is a Henkin set, $ -i(c = (^) for some c G C. By maximally consistency of $, 

^ \- c = tp. This proves Claim 1 . 

Let us define the ingredients of our model. 

M -.^{iplipe Fm{C)} = {c I c G C} 
TRUE -.^ {ip \ ip e ^ {Tp \ ip : true £ 
NEC -.^ {if \ ip : L e ^} 

For an assignment ^ : V M let : V ~^ Fm{C) be a function with the property 
r^(x) G 7(2;), for every x ^ V. Notice that t-^ : V ^ M is a substitution. Then define 

r{ip, 7) := c, where c is a constant symbol satisfying c w$ <y2['''7]- 

By Lemma ISTSl and Claim 1, the above sets and the Gamma-function are well-defined. 
It is clear that r{ip,j) = ip[T^f]- 

Claim 2: Let a,(T' : V Fm{C) be substitutions. If (t{x) <^'{x) for all x G 
fvar{ip), then ip[a] (^iCT']. 

Proof of the Claim: follows from AX by induction on ip simultaneously for all a. 
Claim 3: The Gamma-function satisfies the structural conditions of a model. 
Proof of the Claim: HP follows immediately. In order to show CP let ip G Fm{C) 
and let 7, 7' be assignments such that 7(0;) = for all x G fvar{ip). Then 

Tj{x) Ty (x) for all X G fvar{ip). Now we may apply Claim 2. Next, we show SP. 
Let (7 : y — >■ Fm{C) be a substitution and ip G Fm{C). We must show: _r((/3[o'], 7) = 
(^[(t][t^] = ip[T^cr\ = r{ip,ja), for all assignments 7 : F — > A/. By Lemma ITTl 
(^[o'][T.y] — ip[a o T-y]. Thus, it is enough to show that ip[(T o r^] w$ (^[r-ya]- Let 
X G fvar{ip). By definition, {a o T.y){x) — <j{x)[T-y\. On the other hand, T.ya{x) G 
^a(x) = r{a{x),j) — a{x)[Tj]. Hence, {aoT-y){x) w$ T^a-{x), for all x G fvar{ip). 
The assertion now follows from Claim 2. Thus, SP holds. Now suppose p ^ ip. This 
implies ip[a] -< ip[a] for any substitution a. In particular, ip[Tj] -< tp[Tj] for every 
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assignment 7 G M'^ . By AX, ip[Ty] < iplT^] £ $, that is, r{Lp,j) = (^[t-,] 
tp[T^] — r{ip, 7), and RP is satisfied. 

Claim 4: The Gamma-function satisfies the truth conditions. 

Proof of the Claim: We have r{ip : L,7) G TRUE ^ {ip : L)[t^] G TRUE ^ 
ip[Tj] : L G $ ^ ip[T^] G NEC <^ r{tp,^) G NEC. The quantifier case can be 
shown as follows: 

r(Va;.^,7) G Ti?C/£; 
<^ (Va;.i^)[T^] G $ 
^ Vy.((^[r^[a; := y]]) G $ 

<^ <;5[T-y[a; := y\][y := c] G for all c G C, since <I> is a Henkin set 

(*) 

<S4> (f[T^[x := c]] G <f>, for all c G C 

^S' (/Jir-yc] G <f>, for all c G C 

^ 7^) G TRUE, for all c G M 

It remains to show that the equivalences (*) and (**) hold. 
(*): We have to ensure that y ^ fvar{ip[T^]). This follows from Lemma |2T| together 
with the fact that y is the variable forced by substitution w.rt. Mx.ip. 
(**): Let z G fvar{(p). First, we suppose z ^ x. Then t^\x :— c](z) = r^(z) G 7(2) 
and T^f(^) € 7^(^:) = 7(2). Thus, t^[x := c](z) T^-a(^z). Now suppose z = x. 
Thenr-y[x := c](z) = candT^c(z) G 7^(z) = c. Again, T^[a; c](z) w$ t^jIz)- By 
Claim 2, <p[T^[a; := c]] (p\r^-\. (**) now follows from Lemma l5.7l 

The remaining truth conditions follow similarly. Consider now the specific assign- 
ment /3 : 1/ — >■ M defined by /3(a;) x, for each x G V. 
Claim 5: ip[Tp] w$ ip, for all 1^9 G Fm{C). 

Proof of the Claim: We have Tp{x) e(a;) for all x G fvar{(p), where e is the 
identity substitution. By Claim 2, iy9[T^] (p[e]. Recall that ip[e] is alpha-congruent 
with (f (see [ 11 1 for details), and alpha-congruence is contained in «$. Then the Claim 
follows from transitivity of ?s<i,. 
We have shown that 

M := {M, TRUE, NEC, <^,r) 

is a model. Applying Claim 5 and the second item of Lemma |5^ it follows that the 
interpretation /3) is a model of the Henkin set $: 

{M,li)^Lp^ r{(p, P) = iflTfi] G TRUE ^ ip[Tfi] G $ ^ G $. 

□ 

Theorem 5.10 Every consistent set has a model. 

Proof. Let $ C Fm{C) be consistent. We show that $ extends to a Henkin set $* 
in an extended language Fm{C*). By Theorem |5.9l $* has a model. We will see that 
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its redact w.r.t. the sublanguage Fm{C) is a model of $. Let Co := C, <l>o If 
C„ and $„ C Fm{Cn) are already defined, then define 

C„+i := C„ U {c^,a; I e Fm{Cn),x G /war((/3)} 

$„+i := $„ur(c„) 

according to the notation of Definition 15.41 By Lemma [53] is consistent in 

Fm[Cn+i). Finally, we put $+ := U„<^ $„. It follows that $+ C Fm{C*), 
where C* — lJn<w Since derivation is finitary, is consistent in the language 
FmiC*). By a standard argument that uses Zorn's Lemma, $+ extends to a maximally 
consistent set $* C Fm{C*). 

If $* h Va;.(p, then by AX, $* h := c], for all c e C*. The other way around, 
suppose $* h iy9[x := c] for all c G C*, where x G fvar{(p). Let n be minimal with 
the property ip G Fm(C„). Then (y5[a; := Cip^a;] G Fm{Cn+i) and c^^^x G C„+i \ C„. 
By construction, -n^^ G F(C„) C C $*. Thus, $* h -k^o^. Towards a 

contradiction suppose $* F Va;.i^. Since $* is maximally consistent, $* h -Mx.Lp. 
Since $* h iy9[x :— c] for all c G C*, we have in particular $* h iy9[x := c^p,x\■ Thus, 

$* h -i(Vx.(^) A Lp[x := Cy,x], or equivalently, $* I '{-Nx.Lp ^if[x := c^^x])- 

That is, h iy9^. This is a contradiction to $* h -^(p^ and the consistency of $*. 
Therefore, $* h Va:.(p. We have shown that $* has the properties of a Henkin set. 

Let {M*,I3) be a model of $* w.r.t. the language Fm{C*), and let F* be the 
Gamma-function of M*. Let be the restriction of F* to the domain Fm{C) C 
Fm{C*). If we replace with P in M*, then obviously we get a model 7W such that 
{M,I3) N iy9 <^ /3) N Lp for all formulas (^9 G Fm{C). In this sense, the model 

M is the reduct of M* to the sublanguage Fm{C). In particular, (A^, 

Theorem 5.11 (Completeness Theorems) For all $ U {(ys} C Fm{C): 

$ Ih (y3 <;=> $ h (y3, 

$ IhK ^ * 

Proof. Suppose ^ V (p. From propositional logic and Theorem 15. 101 it follows that 
4> U {^p}} is consistent and has a model. Thus, p. Adapting straightforwardly the 
constructions and results of this section to the logics IK and T completes the proof. □ 

Definition 5.12 For a given set of constants C, the logic given proof-theoretically by 
basic system AX + MP and model-theoretically by the class of all interpretations 
(yVf, 7) is called (basic) ^^-Logic (Epsilon-L-Logic) over the set C of constant sym- 
bols. 

6 Capturing normal modal logics 

Throughout this section let C C Fm{C) be the language of modal propositional logic 
with V as the set of propositional variables and the necessity operator L as the primitive 
modal operator in postfix notation: p : L. Within our language FmiC) we formulate 
the following additional axioms: 
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• axiom 4, Va;.(x : L x : L : L) 

• axioms, Va;.(-i(a; : L) — > : L) : L) 

• axiom D, ^(_L : L), where _L is a fixed contradictory formula. 

Further modal axioms could be considered in the following constructions. We leave 
such investigations to future work and concentrate here on the principles T, 4, 5 and D. 

Definition 6.1 By AX' we mean the set AX or the set AX augmented with some of the 
axioms T, 4, 5, D. 

• The rule of Axiom Necessitation AN with respect to AX' is the following: If 
Lp e AX', then derive ip : L. 

We say that ip is derivable from $ in deductive system AX' + MP + AN ip 
belongs to the smallest set that contains $ U AX' \J {(p : L \ ip AX'} and is 
closed under Modus Ponens. We say that the system AX' + MP + AN is normal 
if it involves the Necessitation Principle: if Lp is a theorem of the system, then so 
is ip : L. 

• Mo(i(AX') is the class of all models M. such that {AA, 7) 1= AK' for any 7 G 

• Mod{AX' + AN) is the class of those models M G Mod{AX') satisfying 
additionally the following truth condition of Axiom Necessitation w.r.t. AX'.- 

if e AX' implies (A^, 7) 1= (^9 : L (i.e., r{tp, 7) e NEC), for any 7 e M^. 

• Mod{K.) is the class of all 'K.-models and ModiT) is the class of all T-models. 

The systems IK and T rely on the Necessitation Principle which has been established 
by introducing the Necessitation Rule. On the other hand, the systems AX' + MP + AN 
rely on the weaker rule of Axiom Necessitation. This results in a more natural notion 
of proof or derivation (see Definition 13.31 and the preceding discussion). Moreover, 
if the system contains axiom 4 as a theorem, then the Necessitation Principle can be 
established without Necessitation Rule as the following observation shows. 

Proposition 6.2 (Necessitation Principle) If the system AX' + MP + AN contains 
axiom 4, then it is normal (i.e., it involves the Necessitation Principle). 

Proof. Suppose (/j is a theorem of AX' + MP + AN. We show the assertion by in- 
duction on the length n of the derivation of ip. If n = 1, then if is an axiom or ip 
is derived by the rule of Axiom Necessitation. In the former case, we apply AN and 
get the theorem tp : L. In the latter case, p = ip : L for some axiom t/j. By axiom 
4 and an instance of axiom (xvi) we get tjj : L ^ tp : L : L. Modus Ponens yields 
ip : L : L. That is, p : L is a theorem. Now suppose there are formulas tp and tp ^ tp, 
derived in at most n > 1 steps, and ip is obtained by Modus Ponens. By induction 
hypothesis, tp : L and {tp ^ p) : L are derivable from the empty set. The formula 
[tp ip) : L {tp : L ^ p> : L) is obtained by axioms K and (xvi). Now we apply 
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Modus Ponens and derive : L. □ 

Of course, a T-model is also a K-model. The next result is a semantic counterpart 
of Proposition |6.2| 

Proposition 6.3 A model M G M od{AX' + AN) is a K-model whenever axiom 4 
belongs to AX'. 

Proof. Induction on the construction of logic K. Let e K. If </? G AX C IK, 
then the assertion follows from the truth condition of Axiom Necessitation of J\A. 
Suppose iy9 G K because of (p, 7/; G K and Modus Ponens. Then the asser- 

tion follows from the induction hypothesis and truth condition (vii) of M.. Finally, 
suppose = -0 : L G K because of the Necessitation Rule applied to t/) G K. 
Since 4 G AX', model Al satisfies all formulas of the form x '■ L ^ x '■ L : L 
(under any assignment). Then M must satisfy the following additional truth condi- 
tion: r(x,7) G NEC Fix ■■ L.j) E NEC, for all formulas x and all assign- 
ments 7. By induction hypothesis, r{il!,j) G NEC for any assignment 7. Thus, 
r{ip,-f) = r{i! : L,7) G NEC. □ 

We have proved soundness and completeness of the three systems AX, K and T 
w.rt. suitable classes of models. The next result follows easily from adaptations of the 
first Completeness Theorem. We leave the details to the reader. 

Corollary 6.4 The system AX' + MP + AN is sound and complete with respect to 
M od{kX + AN). That is, ip is derivable from $ in system AX' + MP + AN ijffor all 
M G ModiAV + AN) and all 7 G M^: 7) N $ implies 7) 1= (p. 

Definition 6.5 A formula ip G Fm{C) is said to be valid in a class of models MOD 
if for all A4 G MOD and all 7 G M^ : {Ai, 7) N ip. Let S be a normal system of 
modal propositional logic and let MOD be a class of models ofGL-Logic. We say that 
MOD captures S if for all p E C the following holds: ip is valid in MOD iff p is a 
theorem of S. 

Remark 6.6 Let S be a normal system of modal propositional logic. By our Com- 
pleteness Theorems and Corollarv \6.4\ 

• Afod(K) captures modal logic K iff for all tp E C: tp is a theorem of system K 
iff p is a theorem ofK. 

• Mod{T) captures modal logic K iff for all p) E L: p) is a theorem of system T iff 
p is a theorem ofT. 

• Mod{A'K' + AN) captures S iff for all ip G C: p is a theorem of system AX' + 
MP + AN iffp is a theorem ofS. 

Theorem 6.7 (Capturing normal modal propositional logics) The following hold true. 

• Mod{K.) captures modal logic K. 
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• Mod{T) captures modal logic T. 

• Mod{AX + T + 4 + AN) captures modal logic S4. 

• Mod{AX + T + 4 + 5 + AN) captures modal logic S5. 

• Mod{AX + 4 + 5 + AN) captures modal logic K45. 

• Mod{AX + 4 + 5 +D + AN) captures modal logic KD45. 

In the remaining part of the paper we shall prove Theorem 16.71 Remark 16.61 and 
Proposition 16.21 seem to provide promising proof-theoretic arguments. However, this 
paper is about semantics, so we concentrate here on a model-theoretic proof. This will 
give us some interesting insights into connections between our denotational semantics 
and possible worlds semantics. As above, we let C C Fm{C) be the language of 
modal propositional logic (with the appropriate adaptations). Recall that a frame of 
modal logic is a structure F = {W, R), where T4^ is a set of worlds and R C W x W 
is the accessibility relation. A truth value assignment of a frame F = {W, R) is a 
function g : W ^ {V {0, 1}), w i— > G 2^ . The satisfaction relation (?«, g) Ih ip 
is inductively defined as follows (note that the symbol Ih denotes two different things: 
on the one hand, logical consequence in -Logic, and on the other hand, satisfaction 
in modal logic; we are confident that there is no risk of confusion): {w,g) Ih x 
gw{x) = 1, {w,g) Ih -i(p ■.'^ {w,g) ¥- ip, {w,g) Ih — > ?/; :<^ {w,g) cp or 
{w,g) Ih ip, {w,g) Ih {if : L) :<^ (w' , g) Ih ip for all w' e W with wRw' . By 
well-known completeness results, modal system K can be identified with the set of 
/^-formulas valid in all frames, and system T (S4, S5, K45, KD45) is the set of C- 
formulas valid in all those frames whose accessibility relation is reflexive (reflexive and 
transitive; an equivalence relation; transitive and euclidean; serial and transitive and 
euclidean), respectively. If we are able to show that for any world w and assignment g 
of a frame of modal system S4 there is a model M. G Mod{AX + T + 4 + AN) and an 
assignment 7 such that (w, g) and (TW, 7) satisfy the same ^-formulas, and vice-versa, 
flien it follows that M od{AX + T + 4 + AN) captures system S4; and similarly for the 
other cases. That is, our proof will rely on model constructions. 

Theorem 6.8 Let w be a world of a frame J- — [W^ R) of a normal modal logic, and 
let g : W ^ {V ^ {0, 1}) be a truth value assignment. There exists a K^-model Ai 
and an assignment (3 :V ^ M such that for all ip € C C Fm{C): 

iM,(3) ^ (p 4^ iw,g) Ih ip. 

Proof. The idea is to define the propositional universe M as a set of formulas of 
modal propositional logic, and the Gamma-function as a certain translation or reduction 
of the language Fm{C) to M. A problem, however, is the reduction of formulas of 
the form \/x.ipi to appropriate propositional (i.e., quantifier-free) formulas. We solve 
this problem by extending C in the obvious way to the infinitary language C^^ which 
we obtain by considering the following additional rule: If $ is any (countable) set 
of formulas of C^j^, then /\ $ G C^^^. Also, we extend the satisfaction relation Ih 
of modal logic to the relation Ih^jj which fulfills the following additional condition: 
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{w',g') \\-uii /\^ {w',g') Ih^^j ip for all (p G ^, where w' is any world and g' 
is any truth value assignment. Proceeding from these assumptions we now define the 
propositional universe by M TRUE :— {(p G Ci^-^ \ {w,g) Ih^^^ Lp} and 

NEC {ip e I {w,g) lh<^, : L}. Put <^:= M x M. Let T be a fixed 
propositional tautology, ± a fixed propositional contradiction. We define the Gamma- 
function simultaneously for all assignments 7 e in the following way: 

r{c) :— "an arbitrary element of M", for c £ C 

r(a;,7) := j{x), for x G ^ 
r(ip : true^-f) := r{p,j) 

rh(p,i) -^r{Lp,'-f) 

r(ip v,7) r{Lp,'-f) r(-0,7) 

r(v3 : L,7) := r((^,7) : L 
r{ip < '0,7) T 

r(Va;.^,7) :=/\{r((p,7r) ImeM} 



T, ifr(^,7) = r(V',7) 

_L, else 



Then M := {M, TRUE, NEC, <-^,r)E We must show that the structural prop- 
erties and truth conditions of a model hold and that is a K-model. EP holds by 
definition. CP and SP can be proved by induction on formulas. We show the quantifier 
case of SP. Let ip = \/x.tp. One easily shows that for all y E fvar{ij}) the following 
holds: 

(6.1) (7a)^(y) = (7>[x:=z] )(?;), 

where z is the variable forced by a w.rt. ip, i.e., ip[a] — i\lx.ilj)[a] — Vz.(^[o'[a; :— z]) 
(see the definition of substitutions and Lemma lTTl ). Then 

r(yx.^,^a) = /\{r{i,, (7^)^) | m e m} 

= /\{r{i^,l7cf[x ■■= z]) I TO e M}, by dH) and CP 

= l\^{r{ip[a[x := z]],7™) | m E M}, by induction hypothesis 

= r(Vz.^[a[x:=z]],7r) 
= r((Va:.V')H,7) 

Thus, SP holds. RP is trivially satisfied. One easily checks that F satisfies the truth 
conditions of a model. Note that an assignment •y : V ^ AI is also a substitution, and 
for p £ Cit holds that 

(6.2) r{p,j) = p[j]. 

'We observe that M is not <-intensional in the sense of fill. This, however, is not relevant for our 
purposes. A model jVf is <-intensional if (jVf, 7) \= ip < implies the existence of formulas ip' and 1/1' 
such that tp' -< 4>' and {M, 7) N (i^ = ip') A {ip = ip'). 
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We consider the assignment e : V ^ M, a; H> i.e., the identity substitution. Then 

r{ip, e) = (p[e] — (f, for all <y9 G £ C Fm(C). Thus, for every ip G £: 

{M,e) N ^ r{ip,e) ^ ip E TRUE ^ {w,g) Ih ip. 

Finally, let us prove that is a IK-model. We must show: ip r{ipi, 7) G NEC. 

Actually, we will prove the following stronger result: Claim: p £ Ih^^ r{p, 7). 
Proof of the Claim: Induction on the definition of K. Suppose (p £ AX. Then it is not 
hard to check that Ih^j^ r{p, 7). For example, let p be axiom (i), i.e., tp = yxy.{x — >■ 
(y — ^ x)), and let 7 be any assignment. Then 

r{yxy.ix ^{y^ x)),7) = f\{ri\/y.{x (y x)),7S) \ P e M} 

- A{A{^(^ I 9 e m} I p e M} 

= MMi^ ^ (y ^ \qeM}\pe M} 

Equation (*) follows from (I6.2l i. The last formula is equivalent with an infinite conjunc- 
tion of tautologies. Hence, r{p, 7). Now, we consider axiom (xvi): r((\/x.(p) -> 

^[x := V],7) = r{yx.p,j) ^ r{p[x := ^],7) A{r{p,-f^) \ m e M} ^ 
r{(p,jP), where p := r{ip,^). This implication says that the conjunction of all for- 
mulas F((^,7™), m G M, implies in particular one of them. Of course, this is true 
in all worlds. Equation (**) follows from the fact that r{ip[x :— V'IiT) = r{ip,jP) 
which is shown in detail in the last paragraph of chapter 4 (soundness of axiom (xvi)). 
Thus, Ih^^ r{p,j). 

Finally, suppose (/3 G K is obtained by the Necessitation Rule, that is, ip is of the 
form tp : L and tp £ K. By induction hypothesis, Ih^^ 7^(^,7). Necessitation yields 
r{tp, 7) : L, that is, Ih^^ r{tp : L, 7). This proves the Claim. □ 

Remark 6.9 Iftv in Theorem \6.8\ is a world of a frame of modal logic T (S4, S5, K45, 
KD45), then the proof yields, respectively, a T-model (a model Ai £ Mod{KK + T + 
4 + AN), M £ Mod{AX + T + 4 + 5 + AN), M £ Mod(AX + 4 + 5 + AN), 
A4 £ Mod(AX + D + 4 + 5 + AN)j such that the conditions are satisfied. Axiom 
Necessitation of the model can be shown in a similar way as in the first part of the 
proof of the above Claim. For instance, in the case ofS4, it is enough to show that p £ 
AX U {T, 4} implies that for any 7 G the (possibly infinitary) modal propositional 
formula r{ip, 7) is true in all worlds of all frames of S4 (as above, we work here with 
a satisfaction relation for infinitary modal logic). In particular, r{ip, 7) G NEC, i.e. 
the truth condition of Axiom Necessitation is satisfied. 

Now we prove the converse of Theorem 16. 8 1 and Remark W9\ The following theo- 
rem concentrates on the case of modal logic S4 from which we will derive the remain- 
ing cases. 

Theorem 6.10 Let M £ Mod{AX + T + 4 + AN) and let j : V ^ M be an 
assignment. There exists a frame (W, R) of modal logic S4, a truth value assignment 
g : W ^ {V {0, 1}), and a world tv £ W such that for all ip £ C C Fm{C): 

(6.3) (A^, 7) 1= <^ (w, g) Ih ip. 
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Proof. -Logic is classical in the sense that it has classical connectives and the con- 
sequence relation is compact. A theory of the logic is, by definition, a consistent and 
deductively closed set of formulas (i.e., it is satisfiable and closed under logical conse- 
quence). It is well-known that the set of all deductively closed sets (including Fm,{C)) 
forms a closure system (i.e., it is closed under intersections of arbitrary subsets). The 
corresponding closure operator cl, given by c/($) = f]{T | T is a theory containing 
$}, has the property that (p G d(<I>) iff <I> Ih cp. In a classical logic, a set of formulas 
T is a theory iff T is the intersection of a non-empty class of maximal theories. This 
property will play a crucial role in the following. We define 

• To := {(p G Fm{C) \ r{ip, 7) G TRUE}, the theory of model {M, 7) 

• N(, := {ip G Fm{C) \ r(^,7) G NEC} 
Note that Nq = {tp \ {(fi : L) G Tq}. 

Let W be the set of aU tuples (T, N) with the following properties: 

(i) T is a maximal theory extending A^o 

(ii) N={ip€ Fm{C) I : L) G T} 

Of course, {Tq,Nq) g W. 

Claim 1: For every (T, N) eW,N <ZT. 
Proof of the Claim: Let ip e N. By definition, (ip : L) e T and Nq C T. By 
Axiom Necessitation of M., Nq contains axiom T. Then T contains T (and axiom 
(xvi)). Modus Ponens yields ip eT. Thus, N CT. 

Claim 2: For every (T, N) eW,NaC N. 
Proof of the Claim: Let (p G Nq, that is, Nq, {(p : L) £ Tq. By Axiom Necessitation, 
A^o contains axiom 4. Nq C Tq and Modus Ponens imply {tp : L : L) G Tq. That is, 
{ip: L) e NqC T. By definition ofN,pe N. Thus, Nq C N. 

Claim 3: For every (T, N) & W,N\sci theory. 
Proof of the Claim: Let (T, JV) e PF. By Claim 1 , A?" is consistent. It is enough to prove 
that N \- ip implies ip G N. We show this by induction on the length of a derivation. 
If the length is 1, then (p € N or (p € AX. We may assume that (p G AX. By Axiom 
Necessitation, we get ip G Nq C N. If the length of the derivation is greater than 1, 
then there are formulas ip and ijj — > p such that N \- ip and N \- ip ^ (p. By induction 
hypothesis, tpjtp ^ ip G N. By definition of N we get {ip : L), {tp (p) : L G T. Of 
course, AX C T. In particular, the axioms K and (xvi) belong to T. Thus, {ip : L) gT 
and ip G N . We have proved that N is deductively closed. 

Claim 4: For every (T, N)gW,N = ^{T \ (T', A^') GWwdNG N'}. 
Proof of the Claim: Let X = {T \ (T',N') e and AT C A^'} . By Claim 1, 
N C N' C T', for every {T',N') G X. Thus, N C [^X. Let F be the set of 
all maximal theories that extend A^. We show Y Q X. Suppose T' G Y and let 
N' = {ip\{<p : L) G T'}. Then {T',N') G W. Let ipGN. That is, {<p : L) G T. 
By Axiom Necessitation, axiom 4 belongs to Nq C T. Thus, {ip : L : L) G T and 
{>p : L) G N G T. By definition of A^', ip G N' . Thus, A^ C A^'. It follows that 
T' G X and F C X. Of course, Q F is the smallest theory containing N. By Claim 3, 
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N is itself a theory. It follows that f] ^ C f| ^ = iV. Finally, N = C\X. 
We define an accessibility relation i? on Vt^ by: 

(T, N)R{T', N') -.^ N C N'. 

It is clear that R is reflexive and transitive. We show that (VF, R) is the desired 
frame of modal logic S4. Let g : W ^ {V ^ {0, 1}) be the truth value assignment 
defined by gw{x) = 1 <^ x G T, where w — (T, N). By induction on formulas ip E C 
one shows that 

(6.4) ip€T^i{T,N),g)\^ip, 

for all worlds (T, N) G W. We only consider here the case ip — ip : L, for some 
formula i/;. For a given world w — (T, N) we have 

: L) et'--^ e N 

e T', for ah T' such that (T, N)R{T', N') 
((T', N'),g) Ih V', for all T' such that (T, N)R{T', N') 
((T,iV),g)lh^:L 

(*): Recafl that, by definition, N = {t/j e Fm{C) \ {ijj : L) £ T}. 

(**): This equivalence follows from Claim 4 and the definition of the accessibihty 

relation R. 

(***): This is the induction hypothesis. 

(****): This follows from the definition of the satisfaction relation. 

The remaining cases of the induction follow straightforwardly. We now choose the 

world w = (To, A^o)- By the equivalence ( I6.4l i we obtain the desired result: 

(7W,7) N ^ ^ e To ^ {w,g) Ih ip, 

for all formulas p E C C Fm{C). □ 

Finally, we show how the construction can be adapted to the cases of modal sys- 
tems K, T, S5, KD45 and K45. 

The S5 case: 

The corresponding version of Theorem 16. 101 in the case of S5 asserts that for every 
model M G Mod{AX + T + 4 + 5 + AN) and assignment ^ : V ^ M there exists 
a frame {W, R) of modal logic S5, a truth value assignment g : W ^ {V ^ {0, 1}), 
and a world w E W such that for all ip £ C the equivalence i6.3i holds true. Proof: 
We define the set W exactly as above. Then Claim 1 remains true. Claim 2 transforms 
to the stronger 

Claim 2': For every (T, N) £W,Na^ N. 

Proof of the Claim. By Claim 2, Nq C N. Now suppose ip ^ Nq, then ^{p : L) e Tq. 
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By Axiom Necessitation of A4, Nq C Tq contains axiom 5. It follows that ^{(p : L) : 
L 6 To, that is, -^{(p : L) G iVo- By Claim 1 and Claim 2, (Z N (Z T. Thus, 
-^{ip : L) eT, that is, {ip : L) ^ T. By definition ofN,pi N. Thus, N C Nq and 
finally N = Nq. 

Claim 3 and Claim 4 remain true (the proof of Claim 4 becomes nearly trivial). We 
define the accessibility relation R in the same way as above. Since N — Nq — N' for 
any worlds (T, N) and (T', TV'), it follows that all worlds of W are related by R. This 
universal relation i? on is an equivalence relation. If g is the truth value assignment 
defined above, then we get the equivalence (|6.41 l. 

The cases KD45 and K45: 

First, we treat the case KD45. The corresponding version of Theorem 16. 101 refers 
to models M E Mod{AX + 4 + 5 + D + AN) and to frames {W, R) of modal logic 
KD45. In the absence of axiom T we cannot assume that in a given model the inclusion 
NEC C TRUE holds true. We define the set of all worlds as the set W of those 
maximal theories T that satisfy Nt = iVo, where Nt ■= {/p e Fm{C) \ {ip> : L) eT} 
and iVo is defined as above. Similarly as in Claim 3 one shows that Nq is deductively 
closed, i.e., A^o ^ "y^ implies ip G A^o- Since model M. satisfies axiom D, it follows that 
-L ^ Nq and A^o is consistent. That is, Nq is a theory. 
Claim 5: If T is a maximal theory extending A^o. then T &W. 

Proof of the Claim. Let T D Aq. Note that not necessarily A^t C T. However, 
following the proofs of Claim 2 and 2' we can show that A'o = (we apply here 
Axiom Necessitation of model M and the axioms 4 and 5). Thus, T G W. 
Claim 6: A^o = f]{T G | A^q C T} 

Proof of the Claim. Since Ao is a theory, it suffices to show that every maximal theory 
T containing Aq belongs to W. We can apply Claim 5. 

We define the accessibility R on W hy TRT' :^ A^q ^ T'. Now suppose T G 
W. Since Aq is consistent, there is a maximal theory T' extending Aq. By Claim 5, 
T' G W. Thus, TRT' and R is serial. It is easy to check that R is also transitive 
and euclidean. That is, {W, R) is in fact a frame of modal logic KD45. Define a truth 
value assignment g : W {V ^ {0, 1}) by grix) = 1 <^ a; G T. By induction on 
formulas p E C one shows that for all worlds T G W the following analogue to (I6.4l l 
is satisfied: 

ipET^iT,g)hip. 

The proof works in a very similar way as above. The crucial argument relies here on 
Claim 6. Note that we may argue as above if we abandon axiom D and consider the 
case of K45. In this case, A'o is still deductively closed but not necessarily a theory 
(i.e., it is possibly inconsistent). It holds that _L G A'q iff Aq = Fm{C). Thus, Claim 
6 remains true since in the case of ± G A'o we get Nq = ^0 — Fm{C). Note that 
W ^ since Tq G W . The accessibility relation R, defined as above, is still transitive 
and euclidean. However, if A"o is inconsistent, the R cannot be serial. 

The cases K and T: 

Let be a K-model and 7 be any assignment. Recall that logic K is contained in 
Ao (A'o and To are defined as above). We define the set of worlds W as the set of all 
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maximal theories that contain logic K0 By Necessitation Rule of K, T £ W implies 
K C Nt, where Nt := {f G Frn(C) \ {cp : L) ^ T} as above. The accessibility 
relation is given by TRT' Nt C T'. Since axiom K belongs to K and K C A^^^, 
K C T, for T G W, it follows that Nt is deductively closed (see the proof of Claim 
3). Thus, Nt is the meet of all maximal theories that extend Nt- All these maximal 
theories are in W . This is the crucial argument applied in the induction proof of the 
analogue of ( 16.41 ): ip E T {T, g) Ih ip, for every ip e C and T e W, and for the 
truth value assignment 5 : W ^ {V ^ {Ojl}) defined by gT{x) = I x € T. 
Thus, we get a frame {W, R) of modal logic K such that w := Tq E W together with 
assignment g have the desired properties. Now suppose is a T-model. We define 
W as the set of all maximal theories containing logic T. It follows that R, defined as 
in case K, is reflexive. The analogue of ( 16.41 ) follows by similar arguments as above. 
Thus, the resulting frame (VF, R) is in fact a frame of modal logic T and w = Tq € W 
together with assignment g have the desired properties. □ 
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